We consider a general analysis and a specific ansatz for the study of non-supersymmetric solutions in arbitrary dimensions and various metric signatures. In all cases, we find that the conditions on the solutions can be written in terms of quadratic forms involving the gauge coupling of the theory and constants of integration associated with the scalar fields. Depending on the signature of the metric, our analysis should provide a general framework for finding non-extremal black holes, instantons, branes and S-branes.
Introduction
Gravitational supergravity solutions admitting fractions of supersymmetry in various spacetime dimensions and particularly in four and five dimensions have been a subject of intense research activities in recent years (see for example [1] ). The earliest systematic work in this direction is that of Tod [2] where solutions of Einstein-Maxwell theory, (D = 4, N = 2 minimal supergravity) admitting parallel spinors were classified. The solutions with time-like Killing vectors are the IWP solutions [3] , for which the static limit is the MP solution [4] . Their generalisations to supergravity theories coupled to vector multiplets were performed in [5, 6] . As a consequence of [7] , it is well-understood how such solutions appear in the context of the general classification of supersymmetric solutions in four dimensions. For N = 2, d = 5 supergravity with vector multiplets, general electrically and magnetically charged string solutions were initially considered in [8, 9, 10] . Later, a systematic classification of five-dimensional supersymmetric solutions was considered in [11, 12] . Non supersymmetric solutions in five dimensions were first considered in [13] where an explicit electrically charged solution for the so-called STU model was given. More analysis of non-supersymmetric solutions was later presented in [14] which also included the study of non-supersymmetric magnetically charged string solutions. Moreover, specific examples of non-extremal solutions were presented in [15] .
More recently, some attention was given to the study of supersymmetric gravitational instanton solutions to the Euclidean Einstein equations of motion. Recent work on gravitational instantons considered the Euclidean analogues of the IWP metrics [16, 17] as well as solutions for theories with cosmological constant. Euclidean versions of N = 2, d = 4 supergravity theories have been constructed in [19] via the dimensional reduction of N = 2, d = 5 supergravity theories on a time-like circle. Gravitational instanton solutions for these Euclidean theories were obtained in [18] via the analysis of the Euclidean Killing spinor equations [20] . These supersymmetric gravitational instanton solutions can be thought of as the Euclidean analogues of the black hole solutions found in [6] .
In our present work we consider a general analysis and a specific ansatz for nonsupersymmetric solutions in arbitrary dimensions. Depending on the signature of the metric, our present analysis should provide a general framework for finding non-extremal black holes, instantons, branes and S-branes. The examples given are electric and magnetic solutions in four and five dimensions. For all these examples, all equations of motion are reduced to two algebraic conditions which depend on the gauge coupling structure of the theory. For electrically charged solutions, the equations are reduced to
while for magnetic solutions one obtains
where Q IJ is the gauge coupling, S IJ and φ IJ are related to the constants and charges appearing in the solutions, and ∂ i denotes variation with respect to the scalar fields of the theory in question.
We organise our work as follows. The next section contains our general analysis for the non-extremal electric and magnetic solutions in arbitrary dimensions. Section 3 contains examples of four-dimensional solutions for black holes, instantons and time-dependent solutions. In section 4, five-dimensional solutions are considered.
General Solutions: Analysis of Einstein Equations
Consider a general d-dimensional gravity coupled to scalar fields φ i , and ℓ-form gauge field strengths F I , with action
G ij ,Q IJ are functions of the scalar fields φ i , and L CS is a Chern-Simons term, whose structure depends on the theory in question.
The Einstein field equations are
We shall consider the following ansatz for the metric:
where M 1 , M 2 are n 1 and n 2 dimensional Einstein manifolds with co-ordinates x µ , µ = 1, . . . , n 1 ; x a , a = 1, . . . n 2 respectively, also d = 1 + n 1 + n 2 and ǫ 0 = ±1. We take
where η µν depends only on the x ρ co-ordinates, and h ab depends only on the x c coordinates. The Ricci tensors of
The metric signature is mostly positive. We set ǫ i = 1, ǫ i = −1 according as to whether M i is Riemannian or pseudo-Riemannian respectively, for i = 1, 2. So Lorentzian solutions have exactly one of ǫ 0 , ǫ 1 , ǫ 2 to be −1, with the remaining two equal to +1. Instanton solutions have ǫ 0 = ǫ 1 = ǫ 2 = 1.
We remark that the τ co-ordinate can be chosen in such a way that
for constant c. With this choice, the non-zero components of the d-dimensional Ricci tensor simplify somewhat, and one obtains
Electric Solutions
For electric solutions, we take the F I to be (n 1 + 1)-forms with
In particular, it will be useful to define
Then the Einstein equations simplify to
10) and
On eliminating F from (2.11) and (2.12) one obtains
We shall further simplify this equation by setting
so that on making the definition,
and using (2.6), the condition (2.13) is equivalent to
This equation can be integrated up to obtain
for constant χ. There are then two possibilities. In the first case, if k 2 and χ are not both zero, then it is convenient to change co-ordinates from τ to σ, and the metric can be written as
where
The remaining content of the Einstein equations can be rewritten, eliminating V and U 2 in favour of U 1 :
and
In the second case, if k 2 = χ = 0, then the metric is
where U(τ ) satisfies
Magnetic Solutions
For magnetic solutions, we take the F I to be n 2 -forms with
for constant p I . Again it is useful to define
The Einstein equations are then
Again, on eliminating F from between (2.27) and (2.28), one obtains the condition (2.13). So, on setting k 1 = 0 and defining σ as in (2.15), the metric can again be written as (2.18) or (2.21). The Einstein equations become
In the special case k 1 = k 2 = χ = 0, then the magnetically charged solution is given by
where in these cases both M 1 and M 2 are Ricci-flat manifolds. The Einstein's equations reduce to
Four-Dimensional Examples
In this section we will consider four-dimensional examples. For convenience, we shall first recall some aspects of special geometry [21] for Lorentzian and Euclidean signatures. The Euclidean versions of the special geometries can be obtained from the standard counterparts by replacing i by e which satisfies e 2 = 1 andē = −e. All fields in the Euclidean theory can be written in the form φ = Re φ + e Im φ,φ = Re φ − e Im φ.
(3.1)
Further details on para-complex geometry, para-holomorphic bundles, para-Kähler manifolds and affine special para-Kähler manifolds can be found in [22] . The theory of ungauged N = 2, D = 4 supergravity theories can be described by the Lagrangian
2)
The theory has n + 1 gauge fields A I , (F I = dA I ) and n scalars z a . The scalar fields are complex for (1, 3) signature and para-complex for (0, 4) signature
Here i ǫ = i for the (1, 3) signature and i ǫ = e for (0, 4) signature, i 2 ǫ = ǫ. We also have
where g ab = ∂ a ∂bK is the Kähler metric and K is the Kähler potential. The coordinates X I are related to the covariantly holomorphic sections
obeying the constraint
by
The Kähler potential is given by
We also have the relations
Note that the N = 2 supergravity models can be described in terms of a holomorphic homogeneous prepotential F = F (X I ) of degree two. In this case
We note the following useful relations
10)
The scalar and gauge couplings are given by [19] 
and we use the notation (
Four-Dimensional Electric Solutions
The electrically charged solutions are characterised by real scalar fields X I and purely imaginary prepotential F . Using the general results of the previous section, taking n 1 = 1 and n 2 = 2; when k 2 and χ are not both zero, the four-dimensional metric can be written in the form
where we have set U = U 1 , U 2 = σ − U, and M 2 is a two-dimensional Einstein manifold. The gauge fields are F I = F I σρ dσ ∧ dρ, with gauge field equations
|k 2 e 2σ + χ| Im N IJ F I σρ = 0 . (3.14)
It follows that
for constant q I . Moreover, the Einstein equations reduce to
where we have used the relations coming from special geometry
as well as the ansatz
The equations (3.16) for constants A I , B J , which must satisfy the relation
Turning to the scalar equations of motion, this gives for our ansatz, after some calculation, the following equation
As special cases, one can consider the solutions for which k 2 = 0 and χ = 0, for constants A I , B I , and the remaining content of the Einstein and scalar equations is
Another special class of solutions for k 2 = 0 and χ = 0,
then the solution is given by
for constants A I , B I , and the remaining content of the Einstein and scalar equations is
The remaining class of electrically charged solution, with k 1 = k 2 = χ = 0, is given by
In this case, the remaining content of the Einstein equations, again written in terms of U, is
Again using the relations (3.18) but with the derivatives taken with respect to τ , together with the ansatz (3.19) , the Einstein equations are equivalent to
We solve these equations by taking
for constants A I , B I so the Einstein equations reduce to
The scalar equation also reduces to
which gives the condition
Four-Dimensional Magnetic Solutions
For magnetic solutions with k 2 and χ not both zero, we take the both the scalars X I and the prepotential F to be purely imaginary, with n 1 = 1 and n 2 = 2. We then find from the Einstein equations
where we have taken
The first equation can be solved by taking
The remaining content of the Einstein and scalar equations can then be written in terms of the constants A I , B I as
A special class of solutions is when k 2 = 0 and χ = 0, then a solution is given by
Another special class of solutions is when k 2 = 0 and χ = 0, for which a solution is given by
For the class of magnetic solutions where k 1 = k 2 = χ = 0, then the solution is given by
Taking the ansatz e −2U = −4i ǫ F (3.47)
the Einstein equations imply
The first of these equations can be satisfied by setting
for real constants A I , B I . The remaining content of the Einstein equations, and of the scalar equations, is then given by
4 Five-Dimensional Examples
The Lagrangian of the five-dimensional N = 2 supergravity theory with an arbitrary number of vector multiplets is given by [23]
In very special geometry, one has the fields X I = X I (φ), the so called special coordinates satisfying
where, X I are the dual coordinates. The gauge coupling metric Q IJ and the metric g ij depend on the scalar fields via the relations
We also note the useful relations
The gauge and scalar equations of motion are
Five-Dimensional Electric solutions
For electrically charged solutions, with n 1 = 1, n 2 = 3, the metric can be written as
The gauge fields are given by F I = F I σρ dσ ∧ dρ, and the gauge equations imply
We thus have e −2U
|k 2 e 2σ + χ|Q IJ F
for constants q I . The Einstein equations are given by
We shall set
Then from the equations of very special geometry (4.2) we obtain
Moreover using very special geometry we obtain the following relations
Then the Einstein equations can be rewritten as
which can be solved by taking
for constants A I , B I , with the condition
Using the relations of very special geometry, and in particular
then the scalar equation of motion gives
This reduces to
For the special case when k 2 = 0, χ = 0, we obtain the solution For the cases of electric solutions with k 1 = k 2 = χ = 0, the metric is given by ds 2 = e −U ǫ 0 dτ 2 + ds 2 (M 2 ) + e 2U ds 2 (M 1 ) . (4.22) In this case, the content of the Einstein equations is given by 
Five-Dimensional Magnetic solutions
For magnetic solutions, taking n 1 = n 2 = 2, the F I are 2-forms with 
